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Abstract. We study leading order singularities of the wave trace of the Aharonov–Bohm
Hamiltonian on R2 with multiple solenoids under a generic assumption that no three
solenoids are collinear. Then we apply our formula to get a lower bound of scattering
resonances in a logarithmic neighborhood near the real axis.
1. Introduction












where S = {si = (xi, yi)|1 ≤ i ≤ n} and ~A is the sum of n singular vector potentials
defined in equation (2). This corresponds to the Aharonov–Bohm Hamiltonian [AB59] of
n infinitely thin solenoids in R3 parallel to the z-axis. In particular, while the magnetic
potential is non-vanishing everywhere, the magnetic field ~B = ∇× ~A vanishes in R2\S, so
the vector potential ~A is curl-free.
The main result of this paper describes the singularities of the wave trace of Uα(t) under
a generic assumption that no three solenoids are collinear :
Theorem 1.1. Consider the wave propagator Uα(t) = e
it
√
Pα for the Hamiltonian Pα. The
regularized wave propagator Uα(t) − U0(t) defined in Section 5 is in the trace class in the




for t > 0 are
given by lengths of all closed polygonal trajectories in R2\S, with vertices at S. Moreover,
the contribution to the singularity at t = L from the closed polygonal trajectory γ with length
L is given by the oscillatory integral expression:∫
Rλ
eiλ(t−L)a(t;λ)dλ















where m stands for the number of corners of the polygonal path γ (with multiplicities in case
γ loops itself); li is the length of the i-th segment of γ; L0 is the primitive length of γ in

























case it loops itself more than once; ρ(λ) ∈ C∞(Rλ) is a smooth function satisfying ρ ≡ 0 for
















where the first term depends on the magnetic flux αkl and the angle βl at the l-th vertex along
γ; the second term depends on the fractional winding number wγ,sk (see Definition 6.3) of γ
with respect to the solenoid sk and the magnetic flux αk there.
Remark 1.2. The first term in the above formula is given by the product of the so-called
diffraction coefficients (see Section 3), while the second term is the holonomy contribution
from the closed polygonal trajectory γ due to the presence of the vector potentials.
An application of our main theorem yields a lower bound on the number of scattering
resonances within certain logarithmic neighborhood of the positive real axis:
Corollary. Let µj be resonances of Hamiltonian Pα on R
2\S subject to the geometric as-




∣∣∣∣ 0 ≤ − Imµj ≤ ( 12dmax + ε
)
· log |µj|, Reµj ≤ r
}
≥ r1−δ,
if r > r(δ), where dmax is the maximal distance among the distances between all solenoids.
The presence of the solenoids with the singular vector potentials generates a diffraction
effect. The diffraction refers to the effect that when a propagating wave or a quantum
particle encounters a corner of an obstacle or a slit, its wave front bends around the corner
of the obstacle and propagates into the geometrical shadow region. For the wave equation on
a singular domain, the singularities of the wave equation likewise split into two types after
they encounter the singularity of the domain. One propagates along the natural geometric
extension of the incoming ray, while other singularities emerge at the singular point and start
propagating along all outgoing directions as a spherical wave called the diffractive wave. The
singular vector potential here likewise generates a diffractive wave as in the situation of a
singular domain.
In order to prove the main theorem, by breaking down the propagation time t and inserting
microlocal cutoffs, we first compute a microlocalized diffractive propagator
ΠeUα,γ(t)Πs := ΠeUα(t− Tn−1)Πn−1 · · ·Π1Uα(t1)Πs
of Pα on R
2\S along a sequence of diffractions, where Π• are pseudodifferential operators
along certain diffractive polygonal trajectory γ. The computation of the diffractive propa-
gator under a single diffraction
Π̃k+1Uα(tk+1)Π̃k
is based on a previous result of the author [Yan21] for one solenoid; we introduce additional
gauge transformations in order to deal with the presence of multiple magnetic vector po-





To compute the singularities of the regularized trace near t = L for some L, using a
microlocal partition of unity, we decompose the (regularized) trace into a sum of finitely
many microlocalized traces modulo smooth errors; each such microlocalized trace is the













where Bk ∈ Ψ0c(X) are a family of pseudodifferential operators. Therefore, it remains to
examine the contribution from each microlocalized trace using the oscillatory integral ex-
pression of the corresponding microlocalized propagator, then assemble all pieces using the
microlocal partition of unity. The trace decomposition and standard propagation of singular-
ities implies that the singularities of the regularized wave trace come from the microlocalized
trace along closed diffractive geodesics, which are closed polygonal trajectories with vertices
at the solenoids.
The wave trace and its singularities relate directly to the spectral properties of the un-
derlying spaces, such as eigenvalues and scattering resonances. In the classic paper of
Duistermaat–Guillemin [DG75], they showed the singularities of the wave trace of the Lapla-
cian at the length of a closed geodesic on closed Riemannian manifold. Similar results were
obtained by Hillairet [Hil05] on the flat surfaces with cone points and Ford–Wunsch [FW17]
on general Riemanian manifold with conic singularities. Our work extends the series of
projects into the framework of the Aharonov–Bohm Hamiltonian with singular vector po-
tentials. For the Poisson formula which relate the regularized trace to scattering resonances,
we refer to [BGR82] and [Mel82]. In this paper, we provide a regularization of the wave
trace following the work of Sjöstrand [Sjö97] which yields a local trace formula of scattering
resonances.
For the Aharonov–Bohm Hamiltonian, the singularities of the wave trace of certain closed
geometric geodesics were studied by Eskin–Ralston [ER14] in equilateral triangles with one
solenoid using the technique of Gaussian beams and FIOs. They were able to recover the
cosine of the flux using the leading singularities at a certain closed geometric geodesic. On
the other hand, as we shall see later in this paper, we are able to recover the product of
the sine of fluxes using the leading singularities of closed diffractive geodesics. Bogomolny–
Pavloff–Schmit [BPS00] studied the diffractive singularities of rectangular billiards with one
solenoid using the geometric theory of diffraction. They were only able to deal with the
diffractive singularities of one solenoid in a rectangular domain.
There are various works on scattering theory of the Aharonov–Bohm Hamiltonian with
multiple solenoids. Št’ov́ıček [Št’89] studied the two solenoids case using a universal covering
of the punctured plane, and finitely many solenoids in [Št’91]; the results there are in terms of
an infinite sum which is difficult to see the locations and amplitudes of the singularities for our
purposes. Tamura [Tam07] [Tam08] and Ito–Tamura [IT01] [IT06] studied the (semiclassical)
scattering amplitudes and cross-sections of two solenoids with the distance going to infinity.
Alexandrova–Tamura [AT11] [AT14] studied scattering resonances of two solenoids at large
separation (the distance between two solenoids d → ∞) using a modified complex scaling
method. They also computed the resonances located in a logarithmic neighborhood for
high energy. Our result generalizes the existence part of their result to arbitrary number of
solenoids. The resonances generated by three and four solenoids with large separations were
also studied by Tamura in [Tam17].
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The novelty of this work is the following: this paper expand the Duistermaat–Guillemin
trace formula [DG75] to Hamiltonians with singular vector potentials; to the best of our
knowledge, this is the first result on the trace formula for the Aharonov–Bohm Hamiltonian
with multiple solenoids/vector potentials. Using our result, we also obtain a lower bound
on the number of resonances within a logarithmic neighborhood of the real axis for the
Aharonov–Bohm Hamiltonian. In particular, the advantage of the resonances bound in this
paper is that unlike previous ones, our results applies to arbitrary number of solenoids with
arbitrary distances between them.
Acknowledgements: The author is greatly indebted to Jared Wunsch for many instructive
discussions as well as valuable comments on the manuscript. The author would also like to
thank Luc Hillairet for suggesting this interesting topic and providing helpful discussions
and Maciej Zworski for valuable comments on the manuscript.
2. Preliminaries
In this section, we discuss some preliminaries on the operator Pα and the diffractive
geometry on R2 with n solenoids.







on the space X := R2\S, where S = {si = (xi, yi)|1 ≤ i ≤ n} corresponds to locations of n




(2) ~Ai = −αi ·
(
− y − yi
(x− xi)2 + (y − yi)2
,
x− xi
(x− xi)2 + (y − yi)2
)
being the i-th vector potential corresponding to si, and α = (α1, · · · , αn) is the multi-index
of the magnetic fluxes of all n solenoids. Without loss of generality, we assume αi ∈ (0, 1)
for 1 ≤ i ≤ n. Note that the magnetic potential ~A is singular at si for 1 ≤ i ≤ n and
curl-free; therefore there is no magnetic field in R2\S. However, the motion of electrons
in R2\S can still “feel” the influence of the magnetic field even though the electrons are
completely shielded from the magnetic field. The electrons will experience a phase shift
once we change the flux of the magnetic field, which can be observed by an interference
experiment, although classically the change of magnetic flux has no influence on the motion
of particles. This phenomenon generated by the singular magnetic potential ~A is the so-called
Aharonov–Bohm effect [AB59], which suggests that the electromagnetic vector potential is
more physical than the electromagnetic field in quantum mechanics.
Note that Pα is a positive symmetric operator defined on C∞c (X) ⊂ L2(R2) with deficiency
indices (2n, 2n). Therefore it admits various self-adjoint extensions. In particular, we choose
the Friedrichs self-adjoint extension, which corresponds to the following function space:
Dom(PFrα ) := D2α =
{
u ∈ L2 : Pαu ∈ L2, u|S = 0
}
.
From now on, we use Pα to denote the Friedrichs extension of the Aharonov–Bohm Hamil-
tonian. For detailed discussions of self-adjoint extensions of the Aharonov–Bohm Hamil-
tonian, we refer to [AT98] and [DŠ98]; for asymptotic behaviors of operator extensions of
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the Aharonov–Bohm Hamiltonian near the boundary (solenoids), see also [EŠV02] [Min05]
[Yan21].
We define power domains by
Dsα :=
{




α is defined using the functional calculus. It is important to notice that away from
the set of solenoids S, Dsα is agree with the usual Sobolev space Hs.
Define the wave operator corresponding to this electromagnetic Hamiltonian:









and its trace “ TrUα(t)”. One crucial fact we need to point out is that even in the sense
of distributions, Uα(t) is not in the trace class. Therefore we need a regularization using
a “free” propagator (cf. [Mel82]). The long-range effect of the magnetic vector potential
falls into the framework of [Sjö97], as long as we choose the corresponding “free” propagator
properly. We postpone the detailed discussion regarding this to Section 5.
2.2. Diffractive geometry. Now we give a brief introduction to the diffractive geometry
on X = R2\S. This is indeed a simplified version of the diffractive geometry in [FW17] on
Riemannian manifold with conic singularities. Note that all regular geodesics in X are simply
straight line segments in X = R2\S. Therefore, by standard propagation of singularities
[DH72], away from the solenoid set S, singularities of the wave equation propagate along the
straight lines in R2\S. However, near the solenoid there are two other types of generalized
geodesics, along which the singularities propagate, passing through the solenoids, which
correspond to the diffractive and geometric waves emanating from the solenoid after the
diffraction:
Definition 2.1. Suppose γ : [a, b] → R2 is a continuous map whose image is a polygonal
trajectory with vertices at the solenoid set S.





are finitely many straight line segments concatenated by the points
in S.
• The polygonal trajectory γ is a (partially) geometric geodesic if it is a diffractive





(S) non-empty, i.e., passing through at least one solenoid directly without
being deflected. A geometric geodesic can be seen as the uniform limit of a family of
regular geodesics in X.
• In particular, the polygonal trajectory γ is a strictly diffractive geodesic if it is a
diffractive geodesic but not a partially geometric geodesic.
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Figure 1. Diffractive and geometric geodesics near s ∈ S
The picture on the left is a family of diffractive geodesics, while the picture on the right is a
geometric geodesic passing through s.
Consider polar coordinates at s ∈ S and a diffractive geodesic restricted to a neighborhood
of s. Assume the diffractive geodesic is the concatenation of an incoming ray at the angle θin
and an outgoing ray at the angle θout. We use β = θout − θin to denote the diffraction angle
at the solenoid s of such diffractive geodesic. In particular, β = ±π correspond to geometric
geodesics or non-strictly diffractive geodesics at s.
We shall also use the geodesic flow at the level of the cotangnet bundle T ∗X ∼= (R2\S)×R2.
We also write S∗X for the corresponding cosphere bundle. In the following, we restrict our
consideration of the geodesic flow to the interior of X without considering the behavior at
the solenoid set S; we therefore can employ the standard pseudodifferential calculus on R2
rather than b-calculus.
The Hamiltonian vector field of Pα is Hα = 2ξ∂x + 2η∂y, where ξ, η are dual variables of
x, y correspondingly. Let Ĥα be the Hamiltonian vector field of Pα projected to the cosphere
bundle S∗X. The integral curves of Ĥα on S
∗X are the unit speed polygonal trajectories
in S∗X with (possible) jumps in (ξ, η)-variables at S. Furthermore, ξ, η are constants on
each connected component (a straight-line segment) of an integral curve. In particular, the
projection of these (broken) integral curves are the diffractive geodesics we defined before.
Given this background, we may define two symmetric relations between points in S∗X: a
“geometric” relation and a “diffractive” relation. These correspond to two different possi-
bilities for linking points in S∗X by integral curves of Ĥα. Note that since we are on R
2,
there is a canonical metric on S∗X.
Definition 2.2. Let q and q′ be points in the cosphere bundle S∗X.
(1) We define q and q′ to be diffractively related by time t if there exists an integral curve
γ ⊂ S∗X of length t with starting point q and end point q′. In particular, for each
possible time t′ with jump in the (ξ, η)-variable, the end point at t′− and the starting
point at t′+ must lie over the same point s of S.
(2) Among points that are diffractively related, we define q and q′ to be geometrically
related by time t if there exists a continuous1 integral curve γ ⊂ S∗X of length t with
starting point q and end point q′.
1There are actually removable discontinuities along γ over the set S.
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Note that the projection of the aforementioned integral curves toX are diffractive geodesics.
We can thus relate the integral curves of Ĥα over X to the diffractive geodesics in X as the
following:
Proposition 2.3. Suppose that q and q′ are points in S∗X. Then
(1) q and q′ are diffractively related by time t if and only if they are connected by a lifted
diffractive geodesic from X to S∗X of length t;
(2) q and q′ are geometrically related by time t if and only if they are connected by a
lifted geometric geodesic from X to S∗X of length t.
Remark 2.4. Due to the above proposition, we sometimes use γ to denote either a diffractive
geodesic in X or a lifted diffractive geodesic in S∗X when there is no ambiguity. When
necessary, we use γb(s) to denote the projection of γ(s) ∈ S∗X to the base X for lifted
diffractive geodesic γ, where the upper-right index b denotes the projection to the base.
2.3. Propagation of singularities. Before ending this section, we present a result of prop-
agation of diffractive singularities of the Aharonov–Bohm wave propagator in R2 with one
singular vector potential [Yan21], which essentially states that the diffractive singularities
propagate along the diffractive geodesics and are conormal.
Theorem 2.5. Consider the wave equation
u = 0, u|t=0 = 0, ∂tu|t=0 = f







where α ∈ (0, 1). Under polar coordi-





for t > r′, |θ − θ′| 6= π and near {t = r′ + r}, E(t, r, θ, r′, θ′) is a conormal distribution with
respect to {t = r′ + r}.
We are particularly interested in closed geodesics when computing the trace “TrUα(t)”.
To avoid the appearance of the geometric geodesic in a closed general geodesic, we assume
that there are no three solenoids collinear. Therefore, there is no closed geometric geodesic
in X; all closed generalized geodesics are closed strictly diffractive geodesics.
3. Diffractive propagation under a single diffraction
By the finite speed of propagation, the wave emanating from points close to a solenoid,
for example s1, can only generate one diffraction for time t small enough. Therefore, in this
section, we consider the diffractive wave of the propagator Uα(t) when it only undergoes a
single diffraction.
First, we start with Uα1(t) = e
it
√
Pα1 , which is the propagator corresponding to the Hamil-
tonian Pα1 with one singular vector potential ~A1 defined by the equation (2). In terms of
polar coordinates around the solenoid s1, we have the following proposition regarding the
Schwartz kernel Uα1(t, r1, θ1, r2, θ2):
Proposition 3.1. For |θ1−θ2| 6= π, i.e., away from the geometric wave front, the diffractive
part of the wave propagator Uα1(t) of Pα1 is a conormal distribution with respect to {t =
r1 + r2}; locally near {t = r1 + r2}, it admits the form:∫
R
eiλ(t−r2−r1)c̃(t, r1, θ1, r2, θ2;λ)dλ
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whose symbol c̃ ∈ S0(R×X ×X; Rλ) is







cos θ1 + cos θ2
modulo terms in S−
1
2
+0, where ρ(λ) ∈ C∞(Rλ) is a smooth function satisfying ρ ≡ 0 for
λ < 0 and ρ ≡ 1 for λ > 1.
Proof. This is a direct corollary of [Yan21, Theorem 6.1] using eit = cos t + i sin t and mi-
crolocality of
√
Pα (cf. Proposition A.1). 
We define
d̃α1(θ1, θ2) := sin(πα1) ·
e−iθ1 + eiθ2
cos θ1 + cos θ2
to be the diffraction coefficient at the solenoid s1, which is independent of r1, r2 and λ.
Remark 3.2. By the identity
e−iθ1 + eiθ2









d̃α(θ1, θ2) is invariant for fixed β = θ2 − θ1 which is the diffraction angle. Henceforth, we
use the notation d̃α(β) with the diffraction angle β instead.
Now we consider diffraction of the propagator eit
√
Pα near one solenoid sk ∈ S with the
singular vector potential ~A =
∑n
i=1
~Ai. Due to the long range effect of singular vector poten-
tials ~Ai with i 6= k, we need to introduce a gauge transformation to offset this effect without












~Ai where ~Ai given by equation (2). Taking complex coordinates in R
2 with
z = x+ iy, we introduce an angular function φi with respect to the solenoid si as
(3) φi(x, y) = arg(z − si).
Remark 3.3. We should note that although φi(z) is defined as a sheaf or, in other words,
defined on the logarithmic covering of R2\{si}, it still can be used invariantly since both
its gradient ∇φi(x, y) and the diffraction angle φi(x2, y2) − φi(x1, y1) are invariantly well-
defined. The diffraction coefficient and the choice of gauge really depends on the gradient or
the difference rather than φi itself.
Note ~Ai is therefore given by the gradient of the angle function φi(x, y) and the magnetic
flux αi:
(4) ~Ai = −αi∇φi.
Away from the solenoid sj ∈ S, the angular function φj is smooth and ~Aj is curl-free.
Thus the gauge transformations by adding a vector potential ~Aj near sk for j 6= k does not
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change the magnetic field at sk. In particular, near the k-th solenoid sk the local gauge
























and the microlocality2 of
√
Pα allows us to consider the propagator Uα(t) (micro)locally.
Therefore, locally near the diffraction at sk, the propagator Uα(t) is related to Uαk(t) by








Summarizing the result in terms of the Schwartz kernel, we obtain the following proposition:
Proposition 3.4. For |θ1 − θ2| 6= π, the diffractive part of the propagator Uα(t) of Pα near
the k-th solenoid sk is a conormal distribution with respect to {t = r1 + r2}; locally near




eiλ(t−r2−r1)c(t, r1, θ1, r2, θ2;λ)dλ






· d̃αk(β) · e
−i(
∑
j 6=k αj ·(φj(r2,θ2)−φj(r1,θ1))) · ρ(λ)
modulo elements in S−
1
2
+0, where ρ(λ) ∈ C∞(Rλ) is a smooth function satisfying ρ ≡ 0 for
λ < 0 and ρ ≡ 1 for λ > 1.
Remark 3.5. As we mentioned in Remark 3.3, the angle difference φj(r2, θ2)− φj(r1, θ1) is
well-defined and independent of the choice of φ.
Remark 3.6. Combining this proposition with the standard propagation of singularities in
the smooth setting, we obtain that the singularities propagate along all diffractive geodesics
with unity speed.
Taking both the phase-shift, which is due to the global topological effect, and the diffrac-
tion coefficient into account, we define
(9) dαk(β, z1, z2) := d̃αk(β) · e
−i(
∑
j 6=k αj ·(φj(r2,θ2)−φj(r1,θ1))),
which is independent of λ. Note that we sometimes omit z1, z2 and write dαk(β) when there
is no ambiguity. We also introduce the following definition:
Definition 3.7. A diffractive geodesic triple (γ,Πs,Πe) is a lifted diffractive geodesic γ ⊂
S∗X with length t and a pair of pseudodifferential operators Πs and Πe of order zero such
that γ(0) ∈WF′Πs and γ(t) ∈WF′Πe.3
2See the Appendix for a brief discussion on microlocality of
√
Pα
3s, e stand for starting and ending. Also note that γ(0), γ(t) are always away from the solenoid since
X = R2\S.
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Using such a diffractive geodesic triple, we can microlocalize the propagator Uα(t) along the
diffractive geodesic γ. Assume γ undergoes one diffraction at sk. Consider a microlocalized
propagator Uα,γ(t) := ΠeUα(t)Πs along γ associated with the diffractive geodesic triple
(γ,Πs,Πe). For the diffraction angle β different from ±π, we can always shrink the size of
WF′Πs,WF
′Πe such that none of their points are geometrically related by time t if necessary.
Indeed, in what follows we shall always assume that this is the case if the starting point and














with as, ae ∈ S0c (T ∗X). In polar coordinates centered at sk, z = (rz, θz) and z′ = (rz′ , θz′).
Lemma 3.8. For |θz − θz′ | 6= π, the microlocalized propagator Uα,γ(t) := ΠeUα(t)Πs asso-
ciated with the diffractive geodesic triple (γ,Πs,Πe) is an FIO with the wavefront relation
WF′ΠeUα(t)Πs given by points in WF
′Πs ×WF′Πe that are diffractively related by time t.
Under polar coordinates near sk,
WF′ΠeUα(t)Πs =
{
(rz = t− rz′ , θz, rz′ , θz′ ;−λ, 0, λ, 0) ∈ T ∗(X ×X)∣∣ (rz′ , θz′ ;λ, 0) ∈WF′Πs, (rz, θz;−λ, 0) ∈WF′Πe}.(10)
Moreover, Uα,γ(t) locally admits an oscillatory integral form:
(11)
∫
eiλ(t−rz−rz′ )cs,e(t, rz, rz′ , θz, θz′ ;λ)dλ






· dαk(θz − θz′) · as(z′, λθz′) · ae(z,−λθz) · ρ(λ)
modulo elements of S−
1
2
+0, with ρ(λ) ∈ C∞(Rλ) being a smooth function satisfying ρ ≡ 0 for
λ < 0 and ρ ≡ 1 for λ > 1.
Proof. Applying the theory of FIOs [Hör71] [DH72] to the propagator (7), the canonical
relation of the diffractive part of Uα(t, z, z
′) near sk is given by
C =
{
(rz = t− rz′ , θz, rz′ , θz′ ;−λ, 0, λ, 0) ∈ T ∗(X ×X)
∣∣ λ 6= 0}.
In view of the composition of canonical relations, the wavefront relation of the Schwartz
kernel of ΠeUα(t)Πs is given by
WF′ΠeUα(t)Πs =
{
(rz = t− rz′ , θz, rz′ , θz′ ;−λ, 0, λ, 0) ∈ T ∗(X ×X)∣∣ (rz′ , θz′ ;λ, 0) ∈WF′Πs, (rz, θz;−λ, 0) ∈WF′Πe}.
Now we apply the stationary phase lemma to compute the local expression of the composi-







′, ζ ′)dλdz̃′dz̃dζ ′dζ
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where φ = (z̃′ − z′) · ζ ′ + λ(t − rz̃′ − rz̃) + (z − z̃) · ζ. Since the critical points of the phase
function are
z̃′ = z′, z̃ = z, ζ ′ = λθz′ , ζ = −λθz,
applying method of stationary phase in (z̃′, z̃, ζ ′, ζ)-variables yields
(13) ΠeUα(t)Πs =
∫
eiλ(t−rz−rz′ )cs,e(t, rz, rz′ , θz, θz′ ;λ)dλ
where the symbol cs,e ∈ S0(R×X ×X; Rλ) is given by
(14) ae(z;−λθz) · c(t, z′, z;λ) · as(z′;λθz′) · ρ(λ)




4. Microlocalized propagation under multiple diffractions
In this section, we construct a microlocalized propagator ΠeUα,γ(t)Πs associated with a
diffractive geodesic triple (γ,Πs,Πe) under multiple diffractions.
Recall by definition, for the diffractive geodesic γ ⊂ T ∗X with length t, Πs and Πe are
0-th order pseudodifferential operators such that γ(0) ∈ WF′Πs and γ(t) ∈ WF′Πe. In
addition, we can take Πs,Πe ∈ Ψ0c(X) such that singular supports WF′Πs and WF′Πe can
be as small as we want. To construct the microlocalized propagator, we want to insert a
microlocal cutoff between each diffraction along the diffractive geodesic γ. Moreover, we
need the principal symbols of these interim pseudodifferential operators to be identically 1
near the forward/backward flow-out of WF′Πs/WF
′Πe for our purposes.
Assume there are n ∈ N diffractions along γ at times 0 < S1 < S2 < · · · < Sn < t.
Take Ti ∈ (Si, Si+1) for 1 ≤ i ≤ n − 1 and T0 = S0 = 0. Define ti := Ti − Ti−1 to be the
propagation time between (Ti−1, Ti). We first construct Π1 near γ(T1); the construction of
the rest intermediate microlocalizers Πi can be carried out inductively.
Consider two sufficiently small neighborhoods U1, V1 such that πL
(
WF′ Uα(T1) ◦ Πs
)
∩γ ⊂
U1 ⊂ V1 ⊂ T ∗X, where πL : T ∗(X × X) → T ∗(X) is the projection to the first copy of
T ∗X ⊂ T ∗(X × X). We can therefore choose a 0-th order pseudodifferential operator Π1
such that its principal symbol σ0(Π1)
∣∣
U1
≡ 1 and σ0(Π1)
∣∣
V c1
≡ 0. Assuming Πk−1 has been
constructed, Πk can be constructed similarly such that σ0(Πk)
∣∣
Uk




where Uk, Vk are neighborhoods of πL
(
WF′ Uα(Tk) ◦ Πk−1
)
∩γ. The microlocalized propagator
associated with a diffractive geodesic triple (γ,Πs,Πe) is thus defined as
(15) ΠeUα,γ(t)Πs := ΠeUα(t− Tn−1)Πn−1 · · ·Π1Uα(t1)Πs.
Remark 4.1. As we shall see later, the definition of microlocalized propagators is inde-
pendent of the interim microlocalizers modulo smoothing operators. In particular, it only
depends on the initial and the final microlocal cutoffs.
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Figure 2. Microlocalized propagator ΠeUα,γ(t)Πs
Now we compute the microlocalized propagator associated with (γ,Πs,Πe) using composi-
tion of FIOs. We first introduce some notations and conventions. Assume γ has n diffraction
points p1, · · · , pn and total length L. We take polar coordinates around p1 with the starting
point z′ = (rz′ , θz′) and polar coordinates around pn with the end point z
′′ = (r̄z′′ , θ̄z′′).
Assume the i-th diffraction at pi has diffraction angle βi and the distance between pi and











Proposition 4.2. The Schwartz kernel of the microlocalized propagator ΠeUα,γ(t)Πs asso-
ciated with (γ,Πs,Πe), which is defined in (15), is a conormal distribution with respect to
{t = rz′ +
∑n−1
i=1 li + r̄z′′}. Locally near {t = rz′ +
∑n−1








i=1 li−r̄z′′)b(t, r̄z′′ , rz′ , θ̄z′′ , θz′ ;λ)dλ
with the symbol b ∈ S−
n−1
2










· as(z′;λθz′) · ae(z′′;−λθ̄z′′) · ρ(λ) · λ−
n−1
2
modulo elements of S−
n
2
+0, where ρ(λ) ∈ C∞(Rλ) is a smooth function satisfying ρ ≡ 0 for
λ < 0 and ρ ≡ 1 for λ > 1.
Proof. We compute the microlocalized propagator by applying Lemma 3.8 inductively. We
start with the situation of two diffractions; this involves composing two single diffraction
propagators in Lemma 3.8 once. The microlocalized propagator is
ΠeUα(t− t1)Π1Uα(t1)Πs,
where Π1 has principal symbol σ0(Π1) = a1. Without loss of generality, we assume that
there exists a pseudodifferential operator
√






Use (r, θ) (resp. (r̄, θ̄)) to denote the polar coordinates centered at the first (resp. the
second) diffraction. In particular, θ = 0 and θ̄ = 0 correspond to the points on the line







cs,1(t1, rz, rz′ , θz, θz′ ;λ)dλ
where



















c1,e(t− t1, r̄z, r̄z′′ , θ̄z, θ̄z′′ ;µ)dµ
where










Consider the composition of the above two FIOs.




Π1Uα(t1)Πs mod D−∞α −→ D∞α
=
∫
eiφc1,e(t− t1, r̄z, r̄z′′ , θ̄z, θ̄z′′ ;µ)cs,1(t1, rz, rz′ , θz, θz′ ;λ)dzdµdλ,






(t− t1)− r̄z− r̄z′′
)
. Now we apply stationary
phase lemma in (z, µ)-variables, or equivalently, in (rz, θz, µ)-variables. Using the law of
cosines, we can write z̄r in terms of rz and θz. Computing critical points of φ yields:
(18) r̄z = (t− t1)− r̄z′′ , θz = 0, µ = λ.
This shows there exists a unique critical point lies exactly on the geodesic connecting p1 and
p2. Moreover, a simple computation gives
(19) φ′′µ,rz ,θz =




and sgn(φ′′µ,rz ,θz) = −1. The stationary phase lemma thus yields
(20) ΠeUα(t− t1)Π1Uα(t1)Πs =
∫






4 · dα1(β1) · dα2(β2)











By the construction of Π1, near the singularities at {t = rz′ + l + r̄z′′}, the principal symbol
σ0(a1) ≡ 1. Therefore, modulo lower order terms, a1 can be omitted in the expression (21).
This finishes the first step of the induction.
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Assuming we have showed (16) and (17) for the microlocalized propagator with k diffrac-
tions
ΠkUα(t− Tk−1)Πk−1 · · ·Π1Uα(t1)Πs.
The microlocalized propagator with (k + 1) diffractions
Πk+1Uα(t− Tk)Πk · · ·Π1Uα(t1)Πs
is the composition of Πk+1Uα(t−Tk) and ΠkUα(tk)Πk−1 · · ·Π1Uα(t1)Πs. Using the composi-
tion of FIOs and the method of stationary phase in the intermediate (µ, rz, θz)-variables as
before, it is straightforward to show the formula holds for (k + 1) diffractions. 
Remark 4.3. This proposition also shows that each diffraction by a singular vector potential
improves the regularity by order 1
2
as the diffraction on manifolds with conic singularities.
See [Hil05] and [FW17] for detailed discussion in those settings.
In the next lemma, we show that by microlocalizing near the starting point and the end
point, the wave propagator Uα(t) is equivalent to microlocalized propagators Uα,γ(t).
Lemma 4.4. For any L > 0, choosing any two pseuododifferential operators Πs,Πe ∈ Ψ0c(X)
with WF′Πs, WF
′Πe microlocally small enough, near t = L,
(1) ΠeUα(t)Πs : D−∞α −→ D∞α , i.e., is a smoothing operator, if there is no diffractive
geodesic γ such that γ(0) ∈WF′Πs and γ(t) ∈WF′Πe.
(2) Otherwise, if there exists N diffractive geodesics {γi}Ni=1 such that γi(0) ∈ WF′Πs
and γi(t) ∈ WF′Πe for 1 ≤ i ≤ N , then the propagator can be decomposed to the





ΠeUα,γi(t)Πs mod D−∞α −→ D∞α .
Remark 4.5. Part (1) of the lemma also holds if we replace Πs and Πe by smooth cutoff
functions ψ, ϕ ∈ C∞c (X) respectively such that no diffractive geodesic γ with γ(0) ∈ suppψ
and γ(t) ∈ suppϕ. The proof again follows from the propagation of singularities as in the
case of microlocal cutoffs.
Proof of Lemma 4.4. The proof is essentially repetitively using the fact that the composition
of the canonical relations is the canonical relations of the composition of two FIOs [Hör71]
[DH72].
Part (1) follows directly from Remark 3.6. For part (2), we prove it by induction on
the number of diffractions. We show relation (22) for all triples {(γi,Πs,Πe)}. Note that
if {γi} = ∅, then (2) implies (1). If ΠeUα(t)Πs involves at most one diffraction along all
possible diffractive geodesics, the microlocal smallness of WF′Πs and WF
′Πe can therefore
restrict the diffraction to one solenoid. Lemma 3.8 therefore gives the canonical relations
and the local representation of the FIO.
Assume ΠeUα(t)Πs involves at most two diffractions along all the possible diffractive
geodesics. As before, there is also at most one continuous family (with starting/ending point
varying continuously in WF′Πs/WF
′Πe and the part between the first and last diffraction
fixed) of diffractive geodesics by the microlocal smallness of WF′Πs and WF
′Πe. Choosing
one diffractive geodesic γ among this family, we can construct the microlocalized propagator
ΠeUα,γ(t)Πs = ΠeUα(t2)Π1Uα(t1)Πs
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with t = t1 + t2 as in the beginning of this section. In order to show equation (22), it suffices
to show
ΠeUα(t2)(Id−Π1)Uα(t1)Πs
is a smoothing operator. Using the same techniques as the construction of the elliptic
parametrix (c.f. [Shu87, Section 5.5]), we construct A ∈ Ψ0(X) such that (Id−Π1) − A2 ∈
Ψ−∞(X). Therefore,
(23) ΠeUα(t2)(Id−Π1)Uα(t1)Πs ≡ ΠeUα(t2)A ◦ AUα(t1)Πs
modulo smoothing operators. By Lemma 3.8, the canonical relation of the FIO ΠeUα(t2)A
(resp. AUα(t1)Πs) is given by the product of diffractively related points of time t2 (resp.
t1) in WF
′Πe ×WF′A (resp. WF′A ×WF′Πs). By the construction of the microlocalized
propagator, the principal symbol σ0(Π1) ≡ 1 near the intersection of t1-flow-out of WF′Πs
with γ. Therefore, there is no point in WF′A∩γ such that it is diffractive related to WF′Πs




WF′ΠeUα(t2)A ◦ AUα(t1)Πs = WF′ΠeUα(t2)A ◦WF′AUα(t1)Πs = ∅.
Therefore, the wavefront relation of the LHS of (23) is trivial and the corresponding operator
is smoothing.
Assume we have showed (22) for (at most) k diffractions. For (k + 1) diffractions. With-
out loss of generality, we assume there are finitely many continuous families of diffractive
geodesics; each family corresponds to a diffractive geodesic {γi} with γi(0) ∈ WF′Πs and
γi(t) ∈ WF′Πe. In particular, we can shrink WF′Πs and WF′Πe such that all γi have the
same segments before the first and after the last diffractions. Choose a time t̂ before the
last diffraction but after all the penultimate diffractions, then construct the microlocalized
propagator for each diffractive geodesic in {γi} with {Π̂l} being the microlocalizers at the
corresponding point γi(t̂). (There might be subsets {γik} ⊂ {γi} such that γik(t̂) corresponds
to the same point for each subset, so Π̂l is the microlocalizer corresponding to all γi in such
subset.) Then




















modulo smoothing terms. The first equality follows from the canonical relations as before,
while the second equality uses the induction hypothesis of k diffractions. This finishes the
proof of the lemma. 
5. Regularization and microlocal partition of unity of trace
This section involves some preparations for computing the leading order singularities of
the wave trace “ TrUα(t)” near t = L where L is the length of a closed diffractive geodesic.
In particular, we shall develop a regularization of the wave trace and a microlocal partition
of unity.
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5.1. Trace regularization. As mentioned before, although Uα(t) is not even in trace class
in the distributional sense, we can introduce a “free” propagator U0(t) such that Uα(t)−U0(t)
is indeed in the trace class in the sense of distributions as in [Sjö97]. Intuitively, the role
of the “free” propagator is to cancel out both the long-range effect generated by the vector
potential and the singularities at the diagonal due to the non-compactness. In order to
achieve this goal, we choose a Hamiltonian P0 with the vector potential
(25) ~Aα̃ = −α̃ ·
(
− y − cy
(x− cx)2 + (y − cy)2
,
x− cx








i=1 αi · (xi, yi) being the “center








































+ · · ·
)
= O(r−3).
Therefore, by [Sjö97, Proposition 2.1] we conclude that Uα(t)−U0(t) is in the trace class in




Choose R > 0 large enough such that all solenoids si are enclosed in B(0, R/3). Take
χ ∈ C∞c (R2) such that χ
∣∣
B(0,2R/3)
≡ 1 and suppχ ⊂ B(0, R). Note that Uα(t)− U0(t) is not
a well-defined operator in general since Uα(t), U0(t) act on different domains. To make sense




























since when restricted to R2\B(2R/3) the two domains are the same. Since all closed diffrac-
tive geodesics are enclosed in suppχ, it is natural to consider the trace of Uα(t) restricted
to this compact set.










Proof. By the definition of the renormalized trace (26), we need to show all the terms in




are smooth in t. This is an application of Lemma 4.4 and
cyclicity of the trace.




is smooth; proofs for the rest of the terms are similar but
easier, since no closed diffractive geodesic intersects supp 1− χ. We take a finite microlocal
partition of unity {Πl} ∈ Ψ0c(X), ψ ∈ C∞c (X) of suppχ such that
• WF′Πl is small enough with another set of pseudodifferential operators Al such that
Πl − A2l ∈ Ψ−∞c (X). ψ has smooth square root.
• suppψ ⊂ B(c, δ) and ψ|B(c,δ/2) ≡ 1 for some δ small enough.
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By part (1) of Lemma 4.4, since for any t ∈ R there is no closed diffractive geodesic,
(29) AlχU0(t)χAl : D−∞ −→ D∞
for every Al, where D is the domain of P0. Hence, taking trace of AlχU0(t)χAl yields a
smooth function on R. Similarly, by Remark 4.5 taking trace of ψU0(t)ψ also yields a
smooth function on R since there are no diffractive geodesics starting and ending in suppψ
for any t. 




are the same as




. For this reason, we shall study the latter
in the following sections.





microlocalized propagators, we construct a microlocal partition of unity of suppχ carefully.
We start by choosing ψi ∈ C∞c (X), 1 ≤ i ≤ n to be smooth cutoff functions at each solenoid
such that ψi ≡ 1 near a δ/2-neighborhood of the solenoid si and whose support is contained
in a δ-neighborhood of si. In particular, we also require that each ψi has a smooth square
root for later use. Multiplying by ψi therefore localizes within δ-neighborhood of the solenoid
si. {ψi}1≤i≤n are called solenoid cutoffs. Next, let {Πk}1≤k≤N ⊂ Ψ0c(X◦) be a finite collection
of pseudodifferential operators on the interior of X satisfying the following properties:
(1) The Schwartz kernel of each Πk has compact support;
(2) There exists a fixed constant δint such that WF
′Πk ⊂ S∗X is contained in a small
ball of radius δint with respect to a fixed Finsler metric on S
∗X;
(3) The Πk’s complete the solenoid cutoffs to a microlocal partition of unity on suppχ











⊂ T ∗(R2\ suppχ);
(4) Each Πk has a square root
√




2 ∈ Ψ0c(X◦). The solenoid cutoffs {ψi} also have smooth square roots.
These pseudodifferential operators {Πk} are called interior microlocalizers. Note that by
adjusting the constant δ and δint, we may choose the solenoid cutoffs/interior microlocalizers
as small as we want while still being a finite family. We define {Bj}1≤j≤n+N := {Πk} ∪ {ψi}
to be the complete set of microlocal partition of unity of suppχ.




Supposed that ψi and Πk are a solenoid cutoff and a interior microlocalizer in the above
microlocal partition of unity. For any q ∈ WF′Πk, consider all points p ∈ WF′ ψi ⊂ S∗X
such that p and q are diffractively related by any fixed time t0, then for each fixed t0 > 0
either
(1) the projection to the base of p: pb ∈ {ψi ≡ 1} for any q ∈WF′Πk, or
(2) d(pb, si) >
1
10
δ for any q ∈WF′Πk.
This property ensures that the diffractive geodesic flowout of such WF′(Πk) at any fixed
time t0 either stays slightly away from the solenoid, or lies close to the solenoid within the
set {ψi ≡ 1}.
Note that this property may be ensured by leaving ψi fixed and shrinking the microsupport
of Πk as needed. We take δint <
1
100
δ in the definition of the microlocal partition of unity
such that all WF′Πk is contained in a small ball of radius δint with respect to a fixed Finsler




δ), then time t0 flowout of all points in WF
′Πk are contained in {ψi} ≡ 1, so partition





δ). Therefore it satisfies the partition property (2).
6. Trace of the Aharonov–Bohm wave propagator
With all the tools established in previous sections, we now in a position to prove the main
theorem on singularities of the wave trace.
6.1. Trace decomposition. Using the microlocal partition of unity of suppχ constructed







: D−∞α −→ D+∞α .











Given a fixed j, Bj can be either a solenoid cutoff ψi or an interior microlocalizer Πk.
In order to see when such a term contributes to singularities of the trace, using cyclicity





















Bj mod D−∞α −→ D∞α
for a diffractive geodesic γ with γ(0), γ(t) ∈ WF′Bj by Lemma 4.44. For any L > 0 not
being the length of a closed diffractive geodesic, we may refine the microlocal partition by
shrinking WF′Bj such that there is no diffractive geodesic γ with γ(0), γ(t) ∈ WF′Bj for
t > 0 near L. This can be achieved by taking δint small enough. Therefore, the RHS of
the operator equation (31) is D−∞α −→ D∞α in view of part (1) of Lemma 4.4. Taking trace
4We can also generalize Lemma 4.4 to solenoid cutoffs here.
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thus yields a smooth function near t = L. This shows the contribution to singularities of
the trace near t = L comes from closed diffractive geodesics at length L. Moreover, if there





is smooth near t = L.
For convenience, we further assume that γ is the only5 closed diffractive geodesic with
length L. Therefore, in order to calculate the trace near t = L, we only need to consider the
solenoid cutoffs and interior microlocalizers Bj such that γ∩WF′Bj 6= ∅. We use {Bjl}1≤l≤M
to denote the set of all such Bj. In particular, {Bjl}1≤l≤M forms a microlocal partition of
unity near γ since it is a subset of the microlocal partition of unity {Bj} of suppχ.


























































The third equality is due to cyclicity of the trace and the fact χψi = ψi, χΠk = Πk for
ψi,Πk ∈ {Bjl}1≤l≤M ; whereas the last equality follows from Lemma 4.4 and the remark after
that. More precisely, ψi and Πk in the sum form a microlocal partition of unity near the
closed diffractive geodesic γ. It suffices to consider these two types of contributions to the
















where Π is an interior microlocalizer, then we may compute the trace of the resulting term
using Proposition 4.2.





ψi ∈ {Bjl}1≤l≤M in the equation (32). In particular, the ψi’s appearing here are exactly the
solenoid cutoffs at each diffraction along the closed diffractive geodesic γ. Choose a short
time t1 such that t1 <
1
10
min1≤j≤k≤n d(sj, sk); for such t1, the backward propagation of ψi
from si, which are all points in S
∗X arrive at WF′ ψi under time t1 diffractive geodesic flow



















Uα(t1)ΠkUα(t2)ψi mod D−∞α −→ D∞α .
5For the situation of multiple diffractive geodesics with the same length L, we add up the contribution
from each one to yield the total singularities at t = L.
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By the Partition Property 1, for each Πk, the time t1 flowout of WF
′Πk is either contained
in {ψi ≡ 1} or stays slightly away from the solenoid. Now we consider these two cases
individually.
Case 1. We first assume that ψi,Πk satisfy part (1) of the Partition Property 1, i.e., the
projection to X of the time t1 flowout of WF
′Πk along γ is contained in {ψi ≡ 1}, we may
replace ψi by the identity operator:
Uα(t2)ψiUα(t1)Πk ≡ Uα(t2) IdUα(t1)Πk mod D−∞α −→ D∞α .














where the last equality is due to Lemma 4.4. We therefore have reduced the first situation
to the desired form.
Case 2. Next, we assume that ψi,Πk satisfy part (2) of the Partition Property 1, i.e., the
time t1 flowout of WF
′Πk stays away from the solenoid. Note that the diffraction at si can
happens either within the propagation of Uα(t2) or Uα(t1). Here we only discuss the first
scenario: free propagation of Uα(t1), which means the projection of the time t flowout of
WF′Πk to the base does not contain any element of S for t ∈ [0, t1]; the second scenario
can be reduced to the first one using cyclicity of the trace. We apply Egorov’s theorem
(cf. [Zwo12, Section 11.1]) to pull-back the contribution from ψi, so that it looks exactly like













where Π̃k := Uα(t1)ΠkUα(−t1) is a pseudodifferential operator in Ψ0c(X◦) with principal
symbol (G−t1)∗ak, where ak is the principal symbol of Πk. Therefore, ψi · Π̃k is an pseudo-
differential operator in Ψ0c(X
◦) with the principal symbol ψi · (G−t1)∗ak. Applying Egorov’s






























for a diffractive geodesic γ with γ(0), γ(t) ∈WF′Πk,ψi . Therefore, it suffices to compute the
trace of the microlocalized propagation Uα,γ(t)Πk,ψi .
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6.3. Trace of a microlocalized propagator. In the previous subsection, we have reduced
each term in equation (32) to the trace of the corresponding microlocalized propagator
along the closed diffractive geodesic γ. The purpose of this subsection is to compute the
microlocalized trace Tr[Uα,γ(t)Π] for some interior microlocalizer Π near γ.
Recall the closed diffractive geodesic γ has total length L and m diffractions at points
p1, · · · , pm. Therefore γ can be denoted by m regular geodesics {γi}1≤i≤m (straight line seg-
ments) concatenated to a closed loop with each segment having length l1, · · · , lm respectively.
We now perform the method of stationary phase in the base variable z for the microlo-
calized propagator (16) in Proposition 4.2 restricted to the diagonal and integrated in X.
In particular, here we take Πs = Πe =
√
Π by cyclicity of the trace. Note that unlike in










eiϕb(t, r̄z, rz, θ̄z, θz;λ)dλdz




i=1 li − r̄z
)




















where bΠ(z; ξ) is the amplitude of Π. Note that the variable z is supported in a compact
subset of X owing to the support of the amplitude. Also recall that (rz, θz) and (r̄z, θ̄z) are
the coordinates of z under the polar coordinates centered at the first and last diffractions
correspondingly.
The phase function ϕ is critical in z-variable precisely when
∂z(rz + r̄z) = 0.
Then as before this forces z to lie along the line segment γbm of length lm connecting the
solenoids where the first and the last diffractions happens. Note that there is no integration
in the phase variables, unlike the previous calculation in Proposition 4.2; as a result there is
no particular point along γm which is fixed by stationarity. Therefore, under the polar coor-
dinates (rz, θz), it suffices to consider stationary phase in the θz-variable and the integration
in rz-variable.


















where the symbol aΠ ∈ S
−m
2














· ρ(λ) · λ−
1































Note that since the product of the smooth cutoff functions in λ in the first line satisfies
the same condition, we shall use the same notation ρ(λ) to denote it for convenience. Here
it is important to notice that the last integral of bΠ(z;λθz)
∣∣
z∈γm
in rz only depends on the
amplitude of Π restricted to γm, which is exactly the location of all stationary points. Also,
we can extend the limit of integration to the whole diffractive geodesic γ since bΠ is supported
only on γm. We define








· ρ(λ) · λ−
m
2 .
It is also important to notice that a0 is independent of the interior microlocalizer Π.
6.4. Assembling the pieces. In this subsection, we assemble the contribution to the trace
from each piece of microlocalized propagator in equation (32); this yields the total singu-
larities of TrχUα(t)χ near t = L, where L is the length of the closed diffractive geodesic
γ.




















where {Bjl}1≤l≤M ⊂ {Bj}1≤l≤n+N is a microlocal partition of unity near γ. The discussion in






















where Π̃k,ψi = Πk if Πk satisfies Partition Property 1(1); otherwise Πk satisfies Partition
Property 1(2) and Π̃k,ψi = Πk,ψi . We need the following lemma:













where the amplitude aψi ∈ S
−m
2
c (R; Rλ) is given by

























where Π̃k,ψi = Πk if Πk satisfies Partition Property 1(1); otherwise Πk satisfies Partition
Property 1(2) and Π̃k,ψi = Πk,ψi . For those Πk satisfying Partition Property 1(1), the



















































along γ by t. Moreover, drz is translation invariant along γ.
On the other hand, if Πk satisfies Partition Property 1(2), the same argument applies


















































since {Πk} is a microlocal partition of unity away from the solenoids. The translation
















Therefore, by the equation (32) and the calculations of the (micro)localized trace in Sub-




near the singularity at

























where L0 is the primitive length of the closed diffractive geodesic γ. Combining with the
regularization Lemma 5.1, we therefore have proved the following theorem:
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Theorem 6.2. Consider the wave propagator Uα(t) = e
−it
√
Pα for the Hamiltonian defined
in (1). The regularized wave propagator Uα(t) − U0(t) defined in Section 5 is in the trace




defined by (26) are given by lengths of all closed diffractive geodesics in X. In particular,
the contribution to its singularity at t = L that comes from the closed diffractive geodesic γ




















where m is the number of diffractions; ρ(λ) ∈ C∞(Rλ) is a smooth function satisfying ρ ≡ 0
for λ < 0 and ρ ≡ 1 for λ > 1; L0 is the primitive length of γ; li is the length of the i-th





where αi is the magnetic flux and βi is the diffraction angle at the i-th diffraction.
6.5. Fractional holonomy and the proof of the main theorem. Now we use l to label
the order of the diffractions along γ with 1 ≤ l ≤ m and k to label all the solenoids with
1 ≤ k ≤ n. Recall that {sk}nk=1 and {αk}nk=1 are the sets of all solenoids and magnetic fluxes
correspondingly; {skl}ml=1, {αkl}ml=1 and {βl}ml=1 are correspondingly the solenoids, magnetic
fluxes and diffraction angles along the diffractive geodesic γ with m diffractions. In partic-
ular, for each l, skl ∈ {sk}nk=1, αkl ∈ {αk}nk=1 and there might exist 1 ≤ l < l′ ≤ m such
that skl = sk′l and αkl = αk′l , i.e., there might be different diffractions happening at the
same solenoid at different time along γ and the diffraction angles may also be different (For
example, at s1 in Figure 3).
Figure 3. A closed diffractive geodesic γ
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We introduce a fractional winding number wγ,sk of γ with respect to the solenoid sk; the
coefficient dγ,α indeed involves the fractional winding numbers of all the solenoids.
Definition 6.3. For a closed diffractive geodesic γ, we define the fractional winding number
of γ with respect to the solenoid sk to be








where p.v. denotes the principal value of the integral and zk is the complex coordinate of sk.


















where the first term comes from the diffractions and the second term comes from the total
holonomy of the closed diffractive geodesic γ. This suggests that the Aharonov–Bohm effect
is actually embodied in principal symbols of singularities (cf. [ER14]).
Remark 6.4. As special cases of fractional winding numbers, there are two basic scenarios
(See Figure 4). In fact, all closed diffractive geodesics can be reduced to a combination of
these two scenarios. We assume that γ is a simple closed curve.
(1) the solenoid sk is enclosed in γ or outside the the region which γ enclosed, with no
diffraction at it, then the fractional winding number is indeed the winding number of
γ (e.g. s1 and s2 in Figure 4);
(2) the solenoid sk is on γ such that a diffraction happens at sk with diffraction angle
β, then the fractional winding number equals to −β/2π (cf. [HW19]). The negative
sign is due to the fact that the definition of the diffraction angle and the angle in the
contour integral differ by a sign (e.g. s3 in Figure 4).
Figure 4. Fractional winding numbers in basic cases
Note that s1, s2 correspond to the first scenario mentioned in the above remark, while s3
correspond to the second scenario.
To show (50) from (48), note that for a closed diffractive geodesic γ with m diffractions, we
can break γ into m diffraction-pieces {γl}1≤l≤m with skl ∈ γl by adding m points {pl}1≤l≤m
in the interior between each two consecutive diffractions (see Figure 5).
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Figure 5. Inserting points between diffractions
In particular, pl is the point between skl−1 and skl ; we define sk0 := skm and pm+1 := p1
since the trajectory is closed; γl is defined to be the segment pl → skl → pl+1. This process


























Consider the following lemma:














if skl 6= sj, where zj is the complex coordinate of sj.
Assuming the lemma, we consider the phase of the second term in the last line of the






































































































by definition of the fractional winding number. This conclude the proof of Theorem 1.1 in
the introduction. It remains to show Lemma 6.5.











where the real part of the RHS equals to 1
2π
(φj(pl+1)− φj(pl)). 
7. An application to lower bounds of resonances near the real axis
In this section, we apply Theorem 6.2 to obtain a lower bound of number of scattering
resonances in a logarithmic neighborhood of the positive real axis. We refer the reader to
the comprehensive book on scattering resonances by Dyatlov and Zworski [DZ19] for the
backgrounds and technical details regarding resonances that are not directly related to our
application. The resonances result presented in this paper is closely related to the results
of Galkowski [Gal17] and Hillairet–Wunsch [HW17] for manifolds with conic singularities,
although our resonance lower bound employs a more general framework of Sjöstand [Sjö97]
on black box scattering with long range potentials. We further assume that there is only
one closed diffractive geodesic for each possible length L to prevent the possible cancellations
between singularities of the wave trace at the same location t = L.
We briefly discuss and define resonances through a method of complex scaling following
[Sjö97, Section 5]. For a more comprehensive discussion, we refer to [Sjö97]. We first
introduce a smooth submanifold Γ ⊂ C2 to which we shall deform the operator domain
from R2. Recall that R is defined in Section 5 such that suppχ ⊂ B(0, R). For given ε0 > 0
and R1 > R, we can construct a smooth function
fθ(t) : [0, π/2)× [0,+∞) 3 (θ, t) 7−→ fθ(t) ∈ C
injective for every θ, with the following properties,
(1) fθ(t) = t for 0 ≤ t ≤ R1;
(2) 0 ≤ arg fθ(t) ≤ θ, ∂tfθ(t) 6= 0;
(3) arg fθ(t) ≤ arg ∂tfθ(t) ≤ arg fθ(t) + ε0;
(4) fθ(t) = e
iθt for t ≥ T0, where T0 only depends on ε0 and R1.
We then define Γ to be the image of the map
κθ : R
2 3 x = tw 7−→ fθ(t)w ∈ C2, t = |x|,
which coincide with R2 in B(0, R1). In order to define the resonances, we use almost analytic
extension to extend the operator Pα from R
2 to an open neighborhood Ω of Γ in C2. By
restricting this extension to Γ, we can complex scale the operator Pα to
Pα,Γu := (Pαũ)|Γ with Pα,Γ : C∞(Γ)→ C∞(Γ)
where ũ is the almost analytic extension of u. By [Sjö97, Lemma 5.1, Lemma 5.2] and the
analytic Fredholm theory, the spectrum of Pα,Γ in the set e
−2i[0,θ)[0,+∞) is discrete and
independent of the angle of scaling θ. In other words, if we complex scale the operator Pα by
angles θ1, θ2 such that 0 < θ1 < θ2 <
π
2
, then the spectrum of Pα,Γ1 agrees with the spectrum
of Pα,Γ2 with the same multiplicities in the region e
−2i[0,θ1)[0,+∞). We therefore define µj to
be a resonance of Pα (with multiplicity k) if µ
2
j is an eigenvalue of the scaled operator Pα,Γ
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within the set e−2i[0,θ)[0,+∞) (with the same multiplicity k). We use Res(Pα) to denote the
set of resonances of Pα.
Consider the regularized trace of the cosine propagator cos(t
√
Pα). We define the regu-
larized trace

























Therefore, u(t) is in the trace class in the sense of distribution following the discussion in
Section 5. Moreover, for any ρ ∈ C∞c (R), we have

























z) is an entire function
in z (ρ̂ is the Fourier transform of ρ).
In the previous section we have obtained singularities of the trace of the (half-)wave
propagator eit
√
Pα ; we shall derive a similar result for u(t) now. We observe that the principal
amplitude of the regularized trace of e−it
√
Pα will not cancel off the principal amplitude
of eit
√
Pα near the conormal singularity at {t = L} for any L > 0 being the length of a
closed diffractive geodesic. In order to see this, by the unitarity of the half-wave propagator
Uα(−t) = Uα(t)∗, the Schwartz kernel K(t, z, z′) of the propagator eit
√
Pα satisfies
K(−t, z, z′) = K(t, z′, z).
LetK0(t, z, z
′) denote the kernel of the free propagator eit
√
P0 in the regularization. Therefore,
taking the (regularized) trace yields∫ [
K −K0
]




(t, z, z)dz mod C∞.
Written in terms of the oscillatory integral with phase function φ = λ(t − L) near the
singularities at t = L, this amounts to taking the symbol map:
a(z;λ) 7→ a(z;−λ).
Note that the principal symbol of eit
√
Pα is supported in R+ for the phase variable λ (cf.
Proposition 3.4). Switching the sign of the phase variable λ yields that the principal symbol
of e−it
√
Pα is of the same order but is now supported in R− for the phase variable λ. Therefore,









Note that this can also be verified directly using [Yan21, Theorem 6.1] and the functional
calculus with the microlocality of
√
Pα proved in the Proposition A.1 of the Appendix.
Following Sjöstrand [Sjö97, Section 10], let
Λ := Res(Pα) ∩ {z ∈ C; |z| ≥ C, 0 ≤ − arg z ≤ 1/C}




∣∣− Imµj ≤ ν log|µj|}





to denote the counting function of the number of resonances µj with Reµj ≤ r in the
set Λν . Note that the “free” Hamiltonian P0 with the vector potential ~Aα̃ used in the
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regularization has no resonance (at least away from zero resonances) by a similar argument
to [BY20, Theorem 1.2] (see also [AT14, Section 2]).
Now we state the following theorem of Sjöstrand [Sjö97, Theorem 10.1] which relates the
conormal singularities of the wave trace u(t) to a lower bound of the number of resonances
in the region Λν .









· λk, λ −→∞.
Then for some n1 > 0 and every ε > 0, ν >
n1−k
L−ε and δ > 0, there exists r(δ) > 0, such that
Nν(r) ≥ r1−δ
for r > r(δ).
It therefore remains to combine Theorem 6.2 and Theorem 7.1 to obtain a lower bound
on the number of resonances in a logarithmic neighborhood.
Corollary 7.2. If these exists a closed diffractive geodesic of length L with m diffractions,
then for some n1 and every ε > 0, ν >
n1+m/2
L−ε and δ > 0, there exists r(δ) > 0, such that
(56) Nν(r) ≥ r1−δ
for r > r(δ). In particular, if dmax := max
{
d(si, sj)




∣∣∣∣ 0 ≤ − Imµj ≤ ( 12dmax + ε
)
· log |µj|, Reµj ≤ r
}
≥ r1−δ.
the smallest logarithmic neighborhood below the positive real axis with this lower bound.
Remark 7.3. For such a lower bound, equation (57) gives the smallest logarithmic neigh-
borhood below the positive real axis obtained using our trace formula. This neighborhood is
given by the longest closed diffractive geodesic with the smallest number of diffractions, which
corresponds to the closed diffractive geodesics bouncing between the farthest two solenoids.
Proof of Corollary 7.2. Consider a closed diffractive geodesic of length L with m diffractions.
By Theorem 6.2, the principal part of the singularity of ρu(t) at t = L is of order O(λ−m2 ) as
λ→∞. Applying Theorem 7.1 yields the corresponding lower bound. For the lower bound
in equation (57), take the closed diffractive geodesic with two diffractions at si, sj such that
d(sj, sj) = dmax. Consider this closed diffractive geodesic bounces between the two solenoids
for k rounds such that L = 2kdmax. It is then being diffracted 2k times. Letting k → ∞
yields the desired bound. 
Appendix A. Microlocality of the square root operator
The goal of this appendix is to show the following proposition on microlocality of
√
Pα.
The exposition of this appendix is inspired by the discussion of microlocality of
√
∆ on
manifolds with conic singularities in [HW17].
Proposition A.1. On X = R2\S, consider the Friedrichs extension operator Pα. Then
(1) For any open sets U, V ∈ R2 such that U ∩ V = ∅, and V ⊂ R2\S, for any N ,
PNα
√
Pα is continuous from L
2(V ) into L2(U).
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(2) For any simply connected open set U such that Ū ⊂ R2\S,
√
Pα is a pseudodifferential
operator from H1c (U) to L
2
loc(U).
Proof. Using functional calculus, we write
√













Take a smooth cutoff function ρ ∈ C∞c ([0,+∞)) such that ρ ≡ 1 on [0, 2t0] for some t0 > 0,














the operator defined in the left-hand side of the equation is smoothing. Therefore, we only















We first prove (1). Take two open sets U, V ∈ R2 such that U ∩ V = ∅, and V ⊂ R2\S. By






2dt : L2(V ) −→ L2(U)
is continuous for any N . Therefore we consider the distribution Ta on R× V defined by




In the sense of distributions in D′(R× V ),
(64) (∂t + Pα)Ta = 0.
Thus Ta ∈ C∞(R × V ) by hypoellipticity (cf. [Shu87, Chapter I.5]) of ∂t + Pα on R × V .
Since Ta vanishes for t < 0 by definition, for any (a, b) ∈ L2(U)× L2(V ), the distribution
(65) t 7→ 〈e−tPαa, b〉L2
is smooth on [0,+∞) and vanishes at 0 to infinite order. Therefore the N -th derivative of
the RHS vanishes of order k at t = 0 for any N and k. Thus
(66) t−k〈PNα e−tPαa, b〉L2
is bounded in (0, 1]. The Principle of Uniform Boundedness thus yields
(67) ‖PNα e−tPα‖L2(V )→L2(U) = O(tk) as t→ 0
for any N, k. Thus, the operator (62) is continuous for any N and we proved (1).
Now we prove (2) by comparison with the heat kernel of the standard Laplacian ∆ on R2.
We only need to show (61) is a pseudodifferential operator. Choose a simply connected open
set U such that U ⊂⊂ R2\S. Let e denote the heat kernel of Pα on R2\S and ẽ denote the
heat kernel of e−iφ∆eiφ in U , where ∆ is the standard Laplacian and φ =
∑
j αjφj ∈ C∞(U)
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is defined in the equation (3). Note that in particular Pα and ∆ are gauge equivalent in U ,
so are the corresponding heat kernels. Furthermore, we have the operator identity
e−iφ∆eiφ = ∆ + e−iφ[∆, eiφ]
locally in U , therefore WF′ e−iφ∆eiφ = WF′∆. Consider r := e − ẽ as a distribution on
R× U × U defined by





(e(t, x, y)− ẽ(t, x, y))φ(t, x, y)dxdydt.
As before, in the sense of distributions
(69) (2∂t + Pα,x + Pα,y)r = 0 on R× U × U.







As in the proof of (1), r is smooth and vanishes at t = 0 to infinite order. The Schwartz
kernel (70) therefore defines a smoothing operator. Thus, (61) is a pseudodifferential operator





which is a pseudodifferential operator due to the functional calculus of ∆ (or equivalently
e−iφ∆eiφ near U) on R2. 
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